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UIC BIOINFORMATICS
PH.D. QUALIFYING EXAM

JUNE 7, 2004, 8:00 AM — 12:00 PM

Name:

There are 8 problems to this exam. Work 6 prob-
lems. Grade will be given based on the 5 problems with

best scores. Do all written work on the exam. IMPOR-
TANT: Circle the number of the 6 problems that you

wish to be graded.

You may use a non-programmable calculator. You are
not allowed to use programmable calculators.
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1. (10 points) A graph is called d-dense if every node has at least d edges adjacent to it.

The following strategy determines whether a given graph G = (V, E) has a non-empty
d-dense subgraph G’. Assume that the graph has n nodes and m edges.

DenseSubgraph (G = (V, F) : undirected graph, d : positive integer)

(a) While there is a node z of degree < d in G do
(b)  remove x from G; and remove all edges to x from G

(c) If G is empty return False, else return True.

(1) (5 points) Show an efficient implementation (in pseudocode) of the above strategy
when G is given in an adjacency list format.

(2) (5 points) Show an analysis of the time complexity of your implementation.

Note : You need to specify the pre-processing step and data structures
used.
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2. (10 points). Consider a set of points {xy,...,@,,} in R" space. Each point x; (i =
1,...,m), a column vector, is associated with a value y; (i = 1,...,m). We need to
find a regression hyperplane y = w’x + wy = (x”,1)w such that the value y; of x;
can be approximated in an optimal way, where w € R" is a column vector, wy € R,
w = (w?,wy)? € R*; and wTx is the inner product of w and x. More precisely, our
goal is to minimize the total squared errors between the observed and the approximate
values over all points {xy,...,x,,} with the appropriately determined values for w.
Denote the approximate value associated with x; by ;. Please answer the following

two questions.

(1) (5 points) Formalize this problem as an optimization problem.

(2) (5 points) Derive the optimal values for w.
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3. (10 points). Consider the following dissimilarity matrix which is calculated from a
given set of 5 points

0496 5
4 0 3 8 7
P=19 30 3 2
6 8 3 01
5 7210

Please answer the following questions.

(1) (3 points) Construct the dissimilarity graph (the graph with the edge weight be-
ing the dissimilarity between the corresponding nodes). Show the dendrogram
obtained with the algorithm based on the minimum spanning tree of the graph.

(2) (4 points) Show the process of clustering and resulting dendrograms based on the
hierarchical clustering rules using the single linkage and complete linkage rules.
Since the pair (2,3) and the pair (3,4) have the same dissimilarity value, two
possible clusterings can be found with the complete linkage. Show both of them.

(3) (3 points) Consider a clustering with two clusters. Denote the two clusters by C'1
and C2. Denote further the dissimilarity between a point ¢ and a point j by d;;.
To assess the quality of the clustering, we define the within-class homogeneity
as Dy, = max; jec1 dij + max; jece dij, and the between-class separation as Dp =
min;ect jeco dij. Based on these definitions, which of the 2-cluster clusterings
found with the complete linkage rule in (2) is the better one? Provide your
reason.
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4. (10 points).

(a) (6 points). An urn contains N balls, b of which are blue and r = N — b of which
are red. A random sample of n balls is withdrawn without replacement from the
urn.

i. Show that the number B of blue balls in this sample has the mass function

P(B = k) = (Z) (f_‘;f)/@

This is the hypergeometric distribution with parameters NV, b, and n.

ii. Show that if N,b, and r approach oo in such a way that b/N — p and
r/N — 1 — p, then

P(B =k) — (n)p"“(l —p)"

iii. Show that the sum of two independent binomial variables, bin(m,p) and
bin(n, p) respectively, is bin(m + n, p).

iv. Let X and Y be idependent binomial bin(n, p) variables, and let Z = X + Y.
Show taht the conditional distribution fo X given Z = N is the hypergeo-
metric distribution.

(b) (4 points). Let X and Y be independent exponential random variables with
parameter 1. Find the joint density function of U = X +Y and V = X/(X +Y),
and deduce that V' is uniformly distributed on [0, 1].
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5. (10 points). Continuous time Markov process can be used to study molecular evolution.

If we neglect insertion and deletion and study substitution of the nucleotides only, we

can model the probability p;;(t) that a nucleotide ¢ is substitute by another nucleotide

J after time ¢ as a Markov process, that is, p;;(t) depends only on the identity of the

current nucleotide 7 and the time ¢. Here i,j € {A,C,G,T}. The set of p;;(t) values

form a matrix P. Typically, the parameters of a continuous time Markov model is

the matrix of the instantaneous rates Q, where the entry ¢;; represents the rate of

substitution from ¢ to 5 at an infinitesimal small time interval. In general, once Q is
known, we have:

P(t) = Q' = f: Q"-t"

n!
0
For simple evolutionary model, the probability that nucleotide ¢ is substituted by 7 in
time ¢t can be written out analytically. Such is the case for the Jukes-Cantor model,

where all nucleotides have the same frequency, and all instantaneous substitution rates
¢i; between any two nucleotides are the same:

—3a a a a

- a —3a a a

Q= a a —3a a
a a a —3a

Please derive the close-form expression of P(t) for the Jukes-Cantor model.
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6. Sequence analysis

(a)

Calculation of the BLOSUM matrix from the following sequences: (3 pt).

ATLCIA
ALLCIA
ILICCL

Use dynamic programming to perform alignment the following two sequences. Use
the score matrix calculated from (a), with gap penalty of +5. (2 pt)

ATIILC
ALC

Build HMM based on the following alignment (2 pt).

ACA---CAT
TCTAGTCAT
TCAC---CG
TCA-——-AT
ACC--TGAT

Build phylogenetic tree use Fitch-Margoliash method for the sequences in (c¢). Use
the number of non-identical pairs of residues (mismatched and insertion/deletion)
between any pair of sequences as the distance between them. (3 points)
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7. Gene, expression, and regulation.

(a) DNA has four types of base. Name and draw these bases. How do they pair with
each other (in diagram). Point to the major and minor grove in the diagram. (3

pt)

(b) Central dogma of molecular biology. Explain each step briefly. (2 pt)

(c) Regulation: the regulatory elements of gene X can be divided into 3 parts (A -
C). What conclusions can you make if we observed the followings in expression
experiments: (3 pt)

i. without A-G, expression level of Endol6 is 1
ii. with only A, expression level is 4
iii. with only A and B, expression level is 2
iv. with only B, expression level is 1

v. with C, expression level is 1 (no matter other part exist or not)

(d) Imagine a scenario of protein-DNA interaction that satisfies the conditions in (c).
(2 pt)
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8. Structural bioinformatics

(a)
(b)

()

Structure prediction (2pt), Briefly describe the three methods used in protein
structure prediction. Their advantages and disadvantages.

Conformational search (2 pt) Many steps in various structure prediction algo-
rithms include conformational searches. Please name two of the methods, briefly
explain their procedure, their advantages and disadvantages.

Statistical potential (3 pt), Build pair-wise contact potential from structure (A)
and (B). Cutoff for the contact: 1.5 unit length. Ignore sequence neighboring
contacts.

Threading (3 pt) Assume the following sequence fold into either structure (A)
or (B). Use the summation of the one-body potential and pair-wise potential to
find which fold is correct, and draw the final prediction. One-bogy term: target
residue and template residue identical (-1); mismatch (+1). Pair-wise term: from
(b). Target sequence: PHHPHPP
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[Solution]

1. We need to keep track of a set of nodes with degree < d and the degrees of all nodes.
Since we only need to find any element of this set, not the least degree element, we
can use a stack or queue, rather than a heap. The algorithm would be as follows.

DenseSubgraph (G : undirected graph, d : positive integer)

(a) Initialize an array indexed by nodes, and empty stack S of nodes.

(b) For each node x, go through N(z) and increment Degree[z| for every neighbor of
z. If at the end, Degree|z] < d, Push (x) on S.

)
)
) x+« PopS

) For each y € N(x) do Degree[y| — —; IF Degree[y| = d — 1 THEN push S(y).
)

)

IF t < n return True; ELSE return False;

The second line takes time O(n 4+ m), since we run through an array of size n and do
two increments for each edge in the graph, one for each endpoint.

Since we only push a node y on S when Degree[y] has either started at less than d,
or has just become less than d, we only push each node once. Thus we only pop each
node at most once. In the iteration of line 4 when we pop x, the total work in the loop
is O(1+deg(z)), since we do 1 Pop, at most deg(x) decrements and 1 Push operations.
So the total work for all iterations is ¢(>_ (1 + deg(x))) = c¢(>_, 1+ >, deg(z)) <
c(n+2m) = O(m+n) since the sum of degrees of all nodes in the graph is 2m. Thus,
the total time is O(m + n).
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2. Let’s define a matrix X as follows :

1
T
¥ fl’z 1 (e Rmx(n+D),
zl 1

Let y = (1,92, Um)"s ¥ = (91,92, Jm)?, and e = (1,...,1)T € R™. Then the
problem is to minimize the following function

flw) =g —yl* = [ X - y|* = y"y — 2y" X + (Xw)" (Xw).

Since the matrix X7 X in the objective function f is at least positive semi-definite,
this function is convex. (This is because w’ X" X = (Xw)T(Xw) > 0 for any
w). Therefore, The stationary point from the first order necessary condition of this
optimization should give the optimal solution.

Let’s consider the first order necessary condition of f. We have

of

ow

= 2XTy +2(XTX)w =0 (0e R"™)

Therefore,
w= (XTX) Xy,
since X7 X is always invertible. Reason: if it is not true, then X7 Xw = 0 for some

nonzero w. This would require X7 y=0 for any y. This certainly can not be the case,
since y is the observation of X.
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[Solution]

3. (1) The dissimilarity graph is given in Fig.(b). Sort the edges in descend order based
on the dissimilarity, and pick up the edges in this order if no loop will be formed. Then
we obtain the minimum spanning tree in Fig.(b). The clustering dendrogram is given
in Fig.(c)

(2) The dendrogram with the single linkage is shown in Fig.(d).

The dendrogram with the complete linkage is shown in Fig.(e) when (3,4) is considered
first.

The dendrogram with the complete linkage is shown in Fig.(f) when (2,3) is considered
first.

(3) The two-clusterings resulted from the Fig.(e) and Fig (f) are {(1,2),(3,4,5)} and
{(2,3),(1,4,5)} respectively.

The first clustering;:

The within-class dissimilarity D,, = 4 + max{2,3,1} = 7.
The between-class dissimilarity Dp = min{9, 3,6,8,5,7} =3
The second clustering;:

The within-class dissimilarity : D,, = 3 + max{6,5,1} = 9.
The between-class dissimilarity Dp = min{4,8,7,9, 3,2} = 2.

Since the clustering with higher Dg and lower D,, are considered to be good, the first
clustering is the good one.
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3 4

(b) m nimmspanning tree

4 5 3 2 1
0 4 5 3 2 1
0
1
1
2
2
3
3
4

(c)Dendrogram by the m ni num spanning tree (d) Dendrogram by the single |inkage
0 4 5 3 2 1 0 4 5 1 3 2
®
' I S ¢ ]‘ N I S
3
4 4
6
9 9

(f)Dendrogram by the conplete |inkage

e) Dendrogram by the conplete |inkage
(e) 3 Y i 9 when (2,3) is considered first

when (3,4) is considered first
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[Solution]

4. (a) i. There are (Z) ways of choosing k blue balls, and (g:,f

red balls. The total number of ways of choosing n balls is (JT\Z ), and the calim

) ways of choosing n —k

follws.
1i. We have:
n b! (N —b)! (N —n)!
P(B=k)= . .
( ) <k)(b—k)! (N—=b—n+k)! N!
_(n E b—1 b—k+1
~\kJ|N N N
JIN-b N—b-ntk+1) (N N-n+l -
N N N N
— (Z)pk(l —p)" % as N — oo.
iii. We have:

P(X+Y=K)=Zk:P(X=k—j,Y=J)

0
m ok (T —
(e
=0 J

J
i m n
k_m4n—k
=pyq . .
; </f —J) (;)

m4+n— m—+n

J

=

k
iv. From the above result, we also have:
P(X =k)P(Y =N —k)
P(X+Y =N)
B (Z)pkqn—k (Nn_k)pN—k:qn—N-‘rk
(%vvw)pNQQn—N
GG
)

(b) The transformation = uv,y = u — uv has Jacobian

P(X =k|X +Y =N) =

v u

= —u.
l—v —u

-

Here |J| = |u|, and therefore fy v (u,v) = ue ™, for 0 < u < 00,0 < v < 1. Hence
U and V are independent, and fy(v) =1 on [0, 1] as required.
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5. Let S =1+ Q/u, where u = uy + ug + us + uy. We have

W
I
clE= g s

g|Se|Se|Seg

Let m; = “+. This leads to:

Ty T2 T3 T4
Tl T T3 T4
Ty T2 T3 T4
Ty T2 T3 T4

S:

Since m + m + m3 + w4 = 1, S is stochastic and it can be easily shown that it is
stationary (i.e 8" = S). Note S =1I. Since S = I + Q/u, we now have:

P(t) _ th _ e—u(I—S)t _ €—I~ut X euSt
_ 2:0070 I”(—'ut)" z:ooi0 S”(u't)”
= I3, SIS, S
= e Y[+ S(e* —1)]
= T-e“ 4+ S(1—e™)

Writing down P(t) = e I+ S(1 — e~*) componentwise, we have:

pU(t) = 671“561']' —+ (1 — e*“t)wj,

s _ L iti=j
T, i

where

For the Jukes-Cantor model, we have:

—3a a a a
_ a —3a a a
Q= a a —3a a |’
a a a —3a

with v = uy + ug + uz + uqy = 4a and m = m = w3 = my = 1/4. Substitute u,
M = Ty = T3 = Ty into p;;, we obtain the closed form formula for P(¢):

)= 1/4 +3e~t /4, ifi=j
PtV = 1/4 — etatyq, if i £ j
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a. Sequences are:
AILCIA

ALLCIA

ILTICCL
Count Table for aa pairs (the occurrence count of each aa
pair in this block)

A I L C
A 2 2 2 0
T 1 4 2
L 2 0
C 3
Total = 18 pairs
Observed frequency for aa pairs: (Q(i,]))
A I L C
A 2/18 2/18 2/18 0
I 1/18 4/18 2/18
L 2/18 0
C 3/18
Observed frequency for single aa: P (1)
P(i) = Q(i,1) + 0.5 * SUM Q(i,7)
P(A)= Q(A,A)+0.5* (Q(A,I)+Q(A,L)+Q(A,C))
=(2/18)+0.5*%(2/18+2/18)=4/18
P(I)= O(I,I)+0.5*(Q(A,I)+Q(I,L)+Q(I,C))
=(1/18)+0.5*((2/18)+(4/18) + (2/18))=5/18
P(L)= O(L,L)+0.5*(Q(A,L)+Q(I,L)+Q(L,C))
=(2/18)+O 5*((2/18) (4/18)) 5/18
P(I)= Q(C,C)+0.5*(Q(A,C)+Q(C,L)+Q(I,C))
=(3/18)+O.5*((2/18)) 4/18
Expected pair of occurrence (E(i,j))
A I L C
16/ (18)° 40/ (18)° 40/ (18)° 32/

25/ (18)7 50/ (18)° 40/

(18)°
(18)°
25/ (18)° 40/ (18)°
(18)°

Qe |H |




A T L C
A 2.33 -0.3 -0.3 0
I -0.94 1.052 -0.3
L 0.32
C 3.51
6.b)
A I L L C
0 -5 -10 -15 220 25
® * * ®
A -5 2.33 -5.33 -10.3 -15.3 220
A
L -10 .2.67 3.38 -1.62 € T7-6.62 € T-11.62
C -15 '7.67 -1.62 3.08 -1.62 3.11

The alignment:
ATILC
AL—C

Although the following alignment would seem more

appropriate:
ATILC
A--LC

But going strictly by the scoring matrix produced in the
we get the above alignment.

previous part,




ACA---CAT
TCTAGTCAT
CTAC---CG
TCA----AT 0.2
ACC--TGAT i)
A= 1/8
Cc =3/8
G =2/8
T=2/8 \
4/
A =2/5 c=1 A=3/5 A= 4/5 T= 4/5
c =0 =0 L 5 ma/5 15 o =151 cmss
T =3/5 A=0 c=1/5 T= c=0
G = =0 G=0 G= A=0
6.d)

Based on the matches, mismatches, deletion/insertion the distance matrix is:

S1 S2 S3 S4 S5
S1 5 5 2 3
S2 7 5 5
S3 3 7
S4 4
S5
F-M method

a) combine S1 and S4 since their distances are smallest.

S1 S4 (S2.53.85)
S1 p 433
S4 4
S1
X
>— (S2, 83, S5)
S2 z

x+y=4.33




xtz=4
y+z=2

Solving we get: y=1.16, z=0.84, x=3.16.

b) now construct the new matrix with S1,S4 as one node

S2 S3 S5 (S1,S4)
S2 7 5 5
S3 7 4
S5 3.5
The smallest-distance pair is (S1, S4) and S5 now, so repeat step ().
We have
c)
(S1, S4) S5 (S2, S3)
(S1, S4) 3.5 4.5
S5 6
(S1, S4
(S2, S3)
S5 z
x+y=4.5
x+z=6
y+z=3.5

Solving we get: y=1, z=2.5, x=3.5
d) reconstruct the matix with (S1, S4, S5) as one node.

S2 S3 (S1, 5S4, S5)
S2 7 5
S3 5.5
(S1, S4, S5)
(S3)
S2 z
x+y=5.5
x+tz="1

y+z=5




Solving we get: y=1.75, z=3.25, x=3.75

The tree is
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(2)

The following are the four types of base that DNA has:

e A is for adenine
e G is for guanine
e C is for cytosine
e T is for thymine

H
H l:fq}

| e

HC C /s :
%H’f Ny Adenine

v (A)
to 17 carbon of
either pentose

0
|

C
SN H
T RN

| e
c

Hzﬂf\\*u ,rt'\. H"’Euanine
. (G)

to 17 carbon of
either pentose

HH2
¢
HJf \'[!H
| " Cytosine
O=rCL CH (C)
A H s
¥

to 17 carbon of
either pentose

0
|I:I
an C—CH3
l]=||: !:ln Thymine
Ny /s (m
\

te 17 carbon of
deoxyribose



Adenine always pairs with Thymine
Cytosine always pairs Guanine as shown in the figure below.

Major
Grove

Thumine

To Sugar Phosphate
backbone

(b)

Transcription Translation
DNA —» RNA —¥» Protein

DNA Replication
Central Dogma

Replication

Purpose of DNA replication is to create a new strand of DNA, so that upon binary fission,
each of the two cells receives a complete copy of DNA. When DNA replicates many
different proteins work together to accomplish the task.

Two parent strands are unwound with the help of DNA helicases.

Single stranded DNA binding proteins attach to the unwound strand preventing them
from winding back together.



Transcription

DNA is "transcribed" or re-written into RNA during transcription. A team of enzymes
and proteins binds to the promoter, or starting region, of a gene. These enzymes and
proteins unzip the DNA double helix just at the region of the gene. The enzyme RNA
polymerase uses one of the DNA strands to make an RNA copy of that one gene. This
copy, which contains the instructions to make 1 protein, is called an mRNA or messenger
RNA. After the mRNA is made, it is trimmed down to a final size, and shipped out of the
nucleus! When the mRNA gets into the cytoplasm, it is made into protein.

Translation

This refers to a process in which the sequence of nucleotides present in the mRNA is
used to direct the synthesis of a protein in a cellular structure called Ribosome. tRNA and
rRNA provide other components of the apparatus required for protein synthesis.
Nucleotides on mRNA are read "three at a time" by the ribosome. Every three nucleotides
in an mRNA (a 'codon') specifies the addition of one amino acid in a protein. All proteins
start with the initiation codon AUG (Met) and end with stop codons -either UAA, UGA,
or UAG. During translation, the mRNA transported to the cytoplasm is "de-coded" or
"translated" to produce the correct order of amino acids in a protein.

(©

(i) This is the basal expression of X without the effect of any regulatory
elements.

(ii) A induces the expression of X four times.

(iii)  Since, by further addition of B, the expression is reduced, B down-regulates X
either in isolation or by affecting A.

(iv) B down-regulates X by affecting A.

v) Once C starts regulating X somehow, no other regulatory element has any
effect.

(d) A is any transcription factor for gene X that promotes X. When B binds to X, it down-
regulates X in concert with A. A possible scenario would be that of a confirmation
change of A when B binds. Finally C is such a big protein that once it binds to X, no
other element can bind to the promoter region because of hindrance caused by C.
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The following are the three methods used in the protein structure prediction:

Ab Initio

This tries to explore all of the conformational space of the molecule in order to identify
the most appropriate structure. The total number of possible conformations is invariably
very large and so it’s usual to try and find only the very lowest energy structures.
Knowledge of energy functions is very much necessary which is very hard to obtain. This
requires simulation of folding to search all of the conformational space, which is very
time consuming and costly.

Homology Modeling (Comparative Modeling)

This exploits the structural similarities between proteins by constructing a three-
dimensional structure based upon the known structures of one or more related proteins.
To do this, it is very much necessary to decide which protein structures to use templates,
and then to decide as to how to match the amino acids in unknown structure to amino
acids in the known structure. Sequence methods are used to identify related structures and
then copy the 3D coordinates and modify where ever necessary. This is relatively easy
when compared to ab initio but requires identifying related structures with 40% or more
sequence similarity.

Fold Recognition (Threading)

Threading is a method that may be used to suggest a general structure for a new protein.
We can predict the structure of a new protein given a set of three dimensional protein
structures, typically chosen to represent common structural classes. Now we thread the
sequence of the new protein to each of the available structure to see which one fits the
best. This is very similar to ab initio where all of the conformational space is explored
compared to threading which inherently limit the search space to conformations of known
structures. Threading is based on the fact that there appears a finite numbers of folds and
that proteins with even weak sequence similarity can adopt very similar structures.
Threading is doomed to fail, if the unknown protein adopts a completely new fold. It is
very advantageous in cases where it is not possible to use comparative modeling due to
unavailability of sequences with known structures having >=40% sequence similarity.

(b)
Following are the two methods used in the conformational search:

Systematic Search
» Making regular and predictable changes



*  Procedure:
1. All rotatable bonds are identified. Bond length and angles are fixed.
2. Each bond is rotated one by one with fixed increment.
3. A minimization follows each move
4. Finished when all possible combinations are done
e Main drawback of this method is, it requires too many structures to be generated
for large molecules as it searched the whole conformational space.

Model Building Search

» Use larger building block/molecular fragments

» Systematic search use the conformation of fragments

* Substructure search algorithm

*  Assumptions/limitations
— Each fragment is conformational independent of the other fragments
— Completeness of conformations of fragments
— Only apply to molecules where the fragments are available

(©)
Number of observed pairs considering both structures A & B
H P
H 9 6
P 6 1

Total number of H’s in both the structures = 9
Total number of P’s in both the structures = 7

Total number of residues in both the structures, Ntow = 16

Mole fraction of H, Xy = 9/16
Mole fraction of P, Xp=7/16

Statistical Potential



= L )

Nﬁp(fjj):Xz. x X . xN,

total

Substituting the values in the above formula, we get the statistical potential matrix as

H P
H -5.1 -0.18
P -0.18 0.49

(d)

Thread PHHPHPP on to structure A as shown below

(w)__(»
AN

1
s @K\“U

One body potential =-1 +-1+-1+1+-1+1+-1=-3
Pair-wise potential = number H,H pairs * P(H,H) + number H,P pairs * P(H,P) + number
P,P pairs * P(P,P)
=1*-514+2%-0.18=-5.46

Total Potential = one body potential + Pair-wise potential
=-3+-5.46=-8.46

Another way of threading PHHPHPP on to structure A is shown below



>

N

1.
B @Km

Calculate the same way as shown above, we get

Total Potential =-1 + 0.5 =-0.5

Thread PHHPHPP on to structure B is shown below
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Calculate the same way as shown above, we get
Total Potential = -5 + -5.46 =-10.46

=




Another way of threading PHHPHPP on to structure B is shown below
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Calculate the same way as shown above, we get
Total Potential = 1 + 0.33 = 1.33

Structure with the lowest total potential is the most favorable structure. So the
structure having the lowest potential is —10.46 is shown below. Structure B is the

correct fold.
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